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Abstract. I present two algorithms for solving dynamic programs with exogenous vari-
ables: endogenous value iteration and endogenous policy iteration. These algorithms are
always at least as fast as relative value iteration and relative policy iteration, and they are
faster when the endogenous variables converge to their stationary distributions sooner
than the exogenous variables.

https://doi.org/10.1287/mnsc.2018.3158

Copyright: © 2019 INFORMS

History: Accepted by Yinyu Ye, optimization.

Keywords: Markov decision process  dynamic programming * endogenous value iteration ¢ relative value iteration » exogenous variables

1. Introduction

An ergodic Markov decision process will eventually
forget the current action as its state variables regress to
their joint stationary distribution. After the variables
reach stationarity, the action information is lost. All
subsequent payoffs are independent of this action and
have no bearing on it. Thus, not all future payoffs
influence the current action—only those received be-
fore the action’s memory has been purged. This idea
underlies the relative value iteration and relative policy
iteration algorithms of Morton (1971) and Morton and
Wecker (1977), which disregard payoffs received after
the state variables reach stationarity.

However, not all state variables must reach statio-
narity for the current action to be forgotten, because not
all state variables encode action information. To be in-
formative of an action, a variable must respond to the
action. Because exogenous variables that evolve inde-
pendently of the actions do not encrypt action infor-
mation, the only payoffs that matter are those received
before the endogenous variables reach stationarity.

My new solution algorithms—endogenous value
iteration and endogenous policy iteration—exploit this
insight. They iterate Bellman contractions until the
endogenous state variables reach their joint stationary
distribution, and then, they stop. These algorithms are
faster than relative value and relative policy iteration
when the exogenous variables are more persistent than
the endogenous variables.

2. Markov Decision Process

An agent controls a Markov chain with a sequence of
actions. In a given period, the agent observes exoge-
nous state variable x € x and endogenous state variable
y €y and chooses action a € a in response. Action space
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a is compact, exogenous state space x has finite car-
dinality X = |x|, endogenous state space y has finite
cardinality Y = |y|, and total state space z = x Xy has
finite cardinality Z = XY. The state spaces are ordered:
Xi, i, and z; are the ith elements of x, y, and z. The total
state space z is arranged lexicographically:

Zx-1y+1 = (xx, Y1),
Z(X-1)Y+2 = (xx, ]/2),

Zy+1 = (Xz,]/l),
Zy42 = (xz,yz),

z1 = (x1,41),
25 = (x1,42),
zy = (x1,yy), 22y = (X2, Yy), zxy = (Xx, Yy)-

In general, z; = (x', '), where X' = X1 (i_mod(,y));y and
Y = Yiemod(i-1,Y)-

The agent’s actions influence the endogenous vari-
able but not the exogenous variable. Specifically, taking
action a in state (x,y) sets the probability mass func-
tion of the next period’s state variables to f(x’,y’|a,
x,y) = f(X'|x)f, (y'|la, x,y). Function f is continuous
in a.

The agent receives utility u(a, x, y) from taking action
ain state (x, y). The agent aims to maximize its expected
infinite horizon utility under discount factor f<1.
Function u is bounded and continuous in a.

The following Bellman equation implicitly defines
the agent’s optimal value function:

v'(x,y) = maxu(a,x,y) +p > >,y la,x,y)o" (¥, y).

X'exy ey

The corresponding optimal policy function is

p'(x,y) = arg max u(a, x, )

aca

+B25 D& Y la, %, )0 ().

X' exy' €y
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Henceforth, v* and p* represent optimal value and policy
functions, respectively, and v and p represent generic
value and policy functions, respectively.

3. Variable Glossary

1. ® is the Kronecker product symbol.

2. 0i(j) is the length-i unit vector indicating the jth
position.

3. 0(j) is the length-Z unit vector indicating the jth
position.

4. 1; is the length-i vector of ones.

5. 1 =1z is the length-Z vector of ones.

6. I; is the rank-i identity matrix.

7. I =1I; is the rank-Z identity matrix.

8. A; = I; — 1;6;(1) is the i x i differencing operator:
the jth element of Aja is a; — ay.

9. A = Az is the Z x Z differencing operator: the ith
element of AV is v(x!,y") — v(x1, 7).

10. E = 1y1}/Y is the matrix of ones divided by Y.

11. Q = Iy — E is the Y X Y demeaning operator: the
ith element of Qa is a; = £ a;/Y.

12. A=1-Ix®E =Ix®Q is the ZXx Z endogeniz-
ing operator: the ith element of AV is o(x),y’)-
ijzlv(xlr ]/j)/Y'

13. V is the value function, the length-Z vector with
ith element v(x', ).

14. V = AV is the relative value function, the length-
Z vector with ith element v(x’, ') — v(x1, 7).

15. V = AV is the endogenous value function, the
length-Z vector with ith element ov(x,y’) -3
o(x', y)/Y.

16. U(p) is the utility function, the length-Z vector
with ith element u(p(x’,y'), x', ).

17. F, is the exogenous state transition matrix, the
X x X matrix with ijth element f(x;|x;).

18. F,(p, x) is the endogenous state transition matrix,
the Y X Y matrix with ijth element f,(v;|p(x, vi),x,y:).

19. F(p) = 25, (6x()0x(i) Fx) @ F, (p, x;) is the state
transition matrix, the Z X Z matrix with ijth element
FO, Y p(d, ), X ).

20. V = RZ is the set of value vectors.

21. V, = colspace(Ix ® ty) is the set of exogenous
value vectors.

22. V, = V; is the set of endogenous value vectors.

23. p = a” is the set of policy functions.

24. v is the Bellman contraction function: y(p, V) =
U(p) +BE(p)V.

25. 1 is the policy improvement operator: 7tV =
arg maxpept’y (p, V)2

26. v is the value iteration operator: vV = y(nV, V).

27. ¥ = Av is the relative value iteration operator.

28. ¥=Av is the endogenous value iteration
operator.

29. n is the policy valuation operator: np = (I -
BE(p)~'U(p).

30. 77 = An is the relative policy valuation operator.

31. 7=An is the endogenous policy valuation
operator.

32. 1, is the t-step policy valuation operator: n,p =
St E(p) U(p).

33. 7y = An, is the relative t-step policy valuation
operator.

34. 7, = An, is the endogenous t-step policy valua-
tion operator.

35. p = mn is the policy iteration operator.

36. p = mi is the relative policy iteration operator.

37. p=mn is the endogenous policy iteration
operator.

38. 0. =e(1-B)/(2B) is the algorithm stopping
threshold.

39. ¢ is the function that maps a square matrix to its
spectral radius (largest eigenvalue modulus).

40. ¢ is the function that maps a square matrix
to its spectral subradius (second largest eigenvalue
modulus).

41. O represents big O convergence: f(t) is O(A') if
there exist M and fo, such that | f()| < M|A!| for all £ > t,.

42. O* represents the “high order” convergence of
Morton and Wecker (1977): f(t) is O*(A!) if f(t) is
O((A + ¢€)t) for all €>0.

4. Traditional Algorithms

The value iteration algorithm iteratively sets V; = vV
until [|V; = V,_4||< 0., at which time policy ©V; is €
optimal. The policy iteration algorithm iteratively sets
pr = ppi—1 until |lvnp;-1 — npe-1l| < B, at which time
policy p; is € optimal. The most difficult part of policy
iteration is calculating value V;=1p;—1. A common
way to do so is to set nyp = U(p) and iterate n,p =
y(p,n,_4p) to convergence (note that lim;_,..n,p = np).

The relative value iteration algorithm of Morton and
Wecker (1977) iteratively sets V; = ¥V, ; until ||V,
V-1l < 6e, at which time policy nV, is € optimal. The
relative policy iteration algorithm of Morton (1971)
iteratively sets py = ppi—1 until |[Vnpi—1 — npi—1ll < O, at
which time policy p; is € optimal. The most difficult
part of relative policy iteration is calculating relative
value V; = fip;_1. One does so by setting fiop = AU (p)
and iterating fyp = Ay (p, i-1p) to convergence (note
that limy_,..7p = fip).

The relative algorithms are faster than the standard
algorithms when the Markov chain is ergodic. Al-
though the standard algorithms consider all utilities
with meaningful discounted expectation, the relative
algorithms consider only the utilities received be-
fore the state variables revert back to their station-
ary distribution—the utilities received thereafter are
moot, because the Markov chain has forgotten the
current action by then. Disregarding these superflu-
ous utilities expedites the computation. Morton (1971)
and Morton and Wecker (1977) formalized this insight
with the following “strong convergence” results.’
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1. If the Markov chain is ergodic under policy p*,
then relative value iteration converges faster than value
iteration: whereas |[V*—1/0|| is O(g!), |[V* —¥'0|| is
O* (o (F(p"))"), where o (F(p)) <1.

2. If the Markov chain is ergodic under policy p,
then relative policy iteration’s valuation step con-
verges faster under policy p than policy iteration’s
valuation step: whereas |[np — n,pll is O(B"), llip — pll
is O*(B'a (F(p))"), where o (F(p)) <1.

5. Endogenous Algorithms

Whereas relative value iteration and relative policy
iteration disregard utilities incurred after all state
variables reach stationarity, endogenous value itera-
tion and endogenous policy iteration disregard utili-
ties incurred after all endogenous state variables reach
stationarity. The endogenous algorithms are never
slower than the relative algorithms, and they are strictly
faster when the endogenous variables converge to their
limiting distribution faster than the exogenous variables.
My algorithms exploit the following results.

Proposition 1.

1. The space of feasible value functions is the direct sum of
an exogenous space, which is the column space of Ix ® ty,
and an endogenous space, which is the orthogonal comple-
ment of the exogenous space:

vV=V,8eV,,
where 'V, = colspace(Ix ® ty)
and 'V, =V,

2. Endogenizing operator A = Ix ® () projects onto the
endogenous space: if V€V, then AV eV, and (I — A)V €V,.

3. The policy function only responds to the endogenous
walue function: 7V = nAV.

Proposition 2. The optimal endogenous walue function
identifies the optimal value and policy functions: V* = V* +
((Ix = BF) ' @ EWV* and p* = nV*.

Corollary 1. The vector of ones is exogenous: 1€ V.

Corollary 1 establishes that the policy function is
invariant to uniform shifts in the value function:
making all states $1 more valuable does not affect the
policy, because the agent receives the extra buck re-
gardless of the action. Because it is moot, the relative
algorithms disregard the portion of the value function
attributable to ¢ (the span of ¢ is the null space of A).
However, Propositions 1 and 2 indicate that we can
push this idea further: rather than nullify the span of ¢,
we can nullify the entire V, subspace.*

The endogenous algorithms do exactly that. Endoge-
nous value iteration iteratively sets V; = ¥V;_ until ||V; —
Vi_1]l < Be. Additionally, endogenous policy iteration
iteratively sets py = ppi—1 until [P pi—1 — fpe-all < Oe.

The most difficult part of endogenous policy iteration
is calculating endogenous value V; = fjp;_;. One does so
by setting 7j,p = AU (p) and iterating 7j,p = Ay (p, 1,_,p)
to convergence (note that lim;_,.7,p = 7p).

The following results establish that the endogenous
algorithms weakly dominate the relative algorithms.

Proposition 3. The endogenous wvalue iteration and en-
dogenous policy iteration algorithms yield e-optimal policies.

Proposition 4.

1. Endogenous wvalue iteration converges at least as
fast as relative value iteration: whereas ||V*—9'0|| is
O*(B'a (F(p))"), IV = #0]] is O*(BG(AF(p"))"), where
GAF(p) <o (F(p)).

2. Endogenous policy iteration’s valuation step con-
verges at least as fast as relative policy iteration’s valuation
step: whereas |[ijp — fpll is O* (B'a (F(p))"), llqp — ,pll is
O* (B'P(AF(p))), where H(AF(p)) < o (E(p)).

Proposition 5.

1. Endogenous wmlue iteration converges faster than relative
wilue iteration when o (Fy) exceeds maxyex ||QQF,(p*, x)|| for
some matrix norm || -||.

2. Under policy p, endogenous policy iteration’s valua-
tion step converges faster than relative policy iteration’s
waluation steps when o (Fy) exceeds maxyex [|QF, (p, x)|| for
some matrix norm ||-||.

Corollary 2.
1. Endogenous wvalue iteration converges faster than

relative value iteration when o (F,) exceeds

(a) the Euclidean norm of vec(QF, (p*, x)) for all x € x,

(b) the largest singular value of QF , (p*, x) for all x € x,

(c) the maximum absolute row sum of QF,(p",x) for
all xex,

(d) the maximum absolute column sum of QF,(p*, x)
for all xex, or

(e) the Hajnal matrix seminorm of F,, (p*, x) for all x € x.

2. Under policy p, endogenous policy iteration’s valua-

tion step converges faster than relative policy iteration’s
wluation steps when o (Fy) exceeds

(a) the Euclidean norm of vec (QQF,(p,x)) for all x€x,

(b) the largest singular value of QF,(p, x) for all x € x,

(c) the maximum absolute row sum of QF,(p,x) for
all xex,

(d) the maximum absolute column sum of QF ,(p,x)
for all xex, or

(e) the Hajnal matrix seminorm of F,(p, x) for all x € x.

The Hajnal seminorm of a stochastic matrix is less
than one when the matrix is scrambling: that is, when no
two of its rows are orthogonal or when each pair of
states can transition to a common third state in one
period (Hajnal 1957). With this, Corollary 2 implies the
following.
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Corollary 3.

1. Endogenous wvalue iteration converges faster than
relative value iteration when F, is not ergodic and F,(p*, x)
is scrambling for each x € x.

2. Under policy p, endogenous policy iteration’s valua-
tion step converges faster than relative policy iteration’s
waluation step when F, is not ergodic and F,(p,x) is
scrambling for each x € x.

The conditions of Corollary 3 imply that y is ergodic
and that x is not.® In this case, the relative algorithms
must consider all utilities not discounted to irrelevance,
but the endogenous algorithms must consider only the
subset of utilities incurred before y reaches stationarity.
For example, a seasonal state variable that cycles be-
tween {winter, spring, summer, fall} would void rela-
tive value iteration’s strong convergence but not
endogenous value iteration’s strong convergence as
long as Fy(p, x) scrambles.®

This scrambling assumption is unnecessary when y
has constant-state transition matrix Fy( p). In this case,
the endogenous algorithms are faster when F,’s spec-
tral subradius exceeds F,(p)’s spectral subradius.

Corollary 4.

1. Endogenous wvalue iteration converges faster than re-
lative value iteration when F,(p*, x) = F,(p") for all x € x and
o (F) >0 (Fy(p").

2. Under policy p, endogenous policy iteration’s valua-
tion step converges faster than relative policy iteration’s
waluation step when Fy(p,x) = F,(p) for all x€x and
o (Fx)>o (Fy(p))-

The deterministic equivalence problem of Higle et al.
(1990) and the quasi-open loop problem of Adelman
and Mancini (2016) both satisfy the F,(p*,x) = F,(p*)
and F,(p,x) = F,(p) conditions of Corollary 4.

6. lllustration
I now show endogenous value iteration with the
market entry problem of Aguirregabiria and Magesan
(2018). It was this problem and the ingenious Euler
equations-based solution of Aguirregabiria and Magesan
(2013) and Aguirregabiria and Magesan (2018) that
gave me the idea for endogenous value iteration.

The action is a Boolean that indicates whether the
firm participates in the market in year ¢ (a; = 1) or not
(a; = 0). The endogenous state variable is a Boolean that
indicates the previous year’s market participation:
Y = a;-1. The exogenous state variable is a vector of
length five: x; =[x}, ---,x7]’ €R®, where x} is a firm
productivity factor, x7 and x7 are variable profit factors,
x} is a fixed cost factor, and x? is a market entry cost
factor. Each of these five factors can take five values,
and therefore, X = 5° = 3, 125.

The exogenous factors evolve independently of one
another. The ith exogenous factor follows Tauchen’s (1986)

finite-value approximation of the autoregressive pro-
cess xl = af) + alxi_; + ¢!, where ¢! is a standard normal,
ah=0.21(i = 1),and &} = 0.91(i = 1) + 0.61(i # 1).” Note
that productivity shock x! is more persistent than the
other exogenous factors (this will be important).

In period f, the agent receives utility wu(a;, x;,y;) +
ei(a), where

u(ag, X, y) = a

———
activity \productivity variable profit

exp(x}) (0.5 +x* —x2) — (0.5 +x})
~_ ——— ———  — ~—— —
fixed cost

- -y A+x) |,
—
prior inactivity entry cost

and e,(0) and ¢/(1) are independent Gumbel random
variables with mean zero. Following convention, I
integrate over these error terms to express the value
function and policy function in terms of x and y
(Aguirregabiria and Mira 2010):

v'(x,y) = // (maxae{o,l}u(a,x,y) + e(a)
+ B f( )0 (¥, a))de(O)de(l)

x'ex

=u(l,x,y) + > f(x|x)0" (¥, 1) = In(p*(x, )

x'ex
where
o ep(ulny) + fEee fXI00 ()
P o exp (12, x,y) + BEves f(¥[x)0° (¢, 0))
and S =0.95.

Note that the firm’s policy function denotes the prob-
ability that it enters the market, conditional on x and y
but not on ¢(0) and e(1).

I solve this problem with both endogenous value
iteration and relative value iteration. Relative value
iteration requires 62 Bellman contractions to converge
to within a 107° tolerance, but endogenous value it-
eration requires only 10. The endogenous algorithm
requires a sixth as many iterations, because it converges
o (F(p"))/d(AF(p*)) = 0.56/0.082 = 6.52 times as fast.®

Figure 1 depicts how the endogenous value function
changes across the first six endogenous value iteration
steps and how the relative value function changes
across the first six relative value iteration steps. The
relative value differences are more persistent, because
they converge to a stair-step pattern that decays slowly.
The staircase’s five steps correspond to the five values
of productivity factor x! (the most persistent exoge-
nous variable). However, these stair-step value func-
tion changes do not influence the policy function,
because the firm cannot influence its productivity.
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Figure 1. Convergence of Relative and Endogenous Value Iteration
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7. Conclusion
Not all of the value function constitutes useful in-
formation. Only the portion that influences the policy
function is signal—the rest is noise. To filter out this
noise, the relative value and policy iteration algorithms
use projection matrix A, and the endogenous value
and policy iteration algorithms use projection matrix A.
The latter operator removes more noise, because it has
a larger null space: whereas AV has XY — 1 degrees of
freedom, AV has only X (Y —1) degrees of freedom.
The A operator projects away exogenous space V,.
For simplicity, I have defined V. = colspace(Ix ® ty).
However, technically, I could expand the exogenous
space to

V,={veV|n(V+v)=nVVVeV}
= {veV|F(p1)v = F(p2)v V p1, p2 € image(n)}.

Replacing A with A, the projection matrix onto V, =
Vi would yield even faster algorithms.

Proofs.

Lemma 1. My proofs use the following identities:
1. A,‘li = 0,

2. B2=F,
3. A’=A,
4. A2 = A,
5. AA=A,

QAy = Q,
. AF(p)A = AF(p),
. AF(p)A = AF(p),
9. QF,(p, x)Q = QF(p, x),

10. F(p)(M® E) = (F:M) ® E for any X x X matrix M,

11. M@E)A=AM®E) =0 for any XXX matrix
M, and

12. AM®E) = (AxM) ® E for any X x X matrix M.

® N o

Proof. Basic algebra yields these results. O

Proof of Proposition 1. The first two points are straight-
forward. The third point stems from Lemma 1.10, which
implies that

nAV = argmaxt'(U(p) + BF(p)AV)
- argpff{ax C(U(p) +BE(p)I - Ix ©E)V)
= argpfﬁax U(U(p)+BE(p)V - (Fr®E)V
— argmax /(U(p) + BE(p)V
= an.E[p m|

Lemma 2. Ay(p,AV)=Ay(p, V).
Proof. This follows from Lemma 1.8. O

Lemma 3. 7'V = i~V = Av'V for any teN,.
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Proof. This follows from Lemma 2. O

Proof of Proposition 2. This proof has nine parts.

1. Proposition 1 implies that nV* = nAV* =
V' =p".

2. Proposition 1 and Lemma 3 imply that nv*V* =
nAVV* = ni'V* = nV* = p* for all T€N. This implies
that V1V — IV = BE(p)(V'V* = v71VY)  for  all
t € N,. By induction, this implies that v/*1V* — v/V* =
BF(p")!(vV* = V*) for all t e N.

3. Lemma 1.10 implies that F(p)! (F5 ® E) = F(p)""!-
F(p)(FE®E) = F(p)"! ("' ® E), which by induction,
implies that F(p)'(Ix®E)=F(p)'(FC®E) = F(p)*-
(F.eE)=F. ok

4. Lemma 1.2 implies that F.®Z = (F 1@ &)
(Fy®E), which by induction, implies that Fi ® E =
(F,®Z2).

5. Points 3 and 4 imply that F(p)'(I - A) = (F, ® E)!
for any teN,.

6. Lemmas 1.2 and 1.11 imply that

(I-BFc®E)(A+(Ix - BF:) ' ®E)
=A+(Ix—BF) ' @E - BF.(Ix - BF,) '@ &
=A+ (IX - ﬁFx)(IX - ;BFX)_l ®E
=A+Ix®E
=1

7. Point 6 that
(IX - ﬁFx)_l ® 8.

8. Points 2 and 5 imply that

implies (I-PF,®E) ! =A+

VI =V = BIF(p) vV = V)
= BE(pY (V" —7V)
=B F(p) (vV* = AvV7)
= BE(p) (- AWV
=B (Fr @ E)vV".
9. Points 7 and 8 imply that

V= tlimvtf/"
=V + >V = Y)
=1
= UF @8V + > BI(F @ E) vV

_t=1
=(I-BE:®E)WV* i
= (A+(Ix = BF) " @ EpV
=V +((Ix-BF) '@EWV. o

Proof of Corollary 1. This follows from Proposition 1. O

Proof of Proposition 3. Lemma 3 implies that lim;
PV =lim;_,AV'V = AV* = V*, and Proposition 1 im-
plies that lim;_,ep'p = limy—,e(mAN) P = limyeo(7tn)*
p = lim;,ep'p = p*. These results imply that terminal
conditions ||V} — Vi_1|| <60 and |[Vpi-1 — Npe-1ll < Oe
hold after a finite number of iterations.

Now I show that the policy is € optimal when these
terminal conditions are first met. I focus on endogenous
value iteration, but an equivalent argument holds for
endogenous policy iteration. The proof has 10 parts.

1. Suppose that endogenous value iteration returns
policy nV, after terminal condition ||V;— V1| <6,
and define Vo= V,_1 + ((Ix — BF) '@ BV = Vio).

2. Lemma 1.11 implies that

AIx-BE)'®E) =0,
A((BFIx-pF) ™) @E) =0,
(I-A)(Ix-BF) ' ®E)=(Ix-BF,) ' ®E),
and
(1= 8)((BFlx=pF) ) 2 E) = (BFllx —pF) ) 2 E).
3. Point 2 implies that
AVo= AV + A(Ix - BF) ' @E) WV - Vis)
= AVt_l.

4. Proposition 1 and Point 3 imply that ©Vp =
T[AV() = T[AVt_l = T(Vt_l.
5. Lemma 1.10 and Point 4 imply that
vV U(HVO) + ‘BF(HVO)VO
U(Tﬂ_/t—l) + ﬁF(Tth—l)

(Via + (Ux = BE) T @E)0Vis - Vi)

VWis1 + BE(RV i) ((Ix — BFy) '@ B)
'(V‘_/t—l - Vt—l)
Wi+ (BFIx = BE) ™ ®@E)WViy = Vi),

6. Points 2 and 5 imply that
AvVy = AvVig + A((BE(Ix — BF) H @ B)
’ (VVt—l - Vt—l)
= AV‘_/t_l.
7. Points 2 and 5 imply that
(I - A)(VVO - VQ)
= (1= AWTia + (Bl - BE) ) 9 E)
WV — VH))
—(U—Aﬂh4+«k—ﬁFQ4®E)
'(V‘_/t—l - Vt—l))
=(- A)(V‘_/t—l - Vt—l)
—(((Ix = BE)Ix = BF) Y @ E)(vVio1 — Viq)
=(I-ANWViq = Vi) - (Ix®@B) WV = Vi)

=(- A)(VVH - VH) -(I- A)(VVH - VH)
=0.
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8. Points 3, 6, and 7 imply that

vWo—-Vy = A(VVO - V()) + (I - A)(VV() - Vo)
= A(vVy - Vo)
= AV‘_/t_l - A‘_/t—l
= Vt - Vt—l‘

9. Points 1 and 8 imply that |[vVy — V|| < Oe.

10. Points 6 and 9 imply that standard value iteration
returns policy mvVy = nAvV, = AV = iV =
7V, when initialized with starting value V. Because
standard value iteration always returns an e-optimal
policy, 7V, must be € optimal. O
Lemma 4. Every eigenvalue of AxF, is an eigenvalue of
AF(p).

Proof. If AxF,v = Av, for some eigenvector v, then
X

AF(p)o@ 1) =AY ((0x(D0x() F) @ Fy(p,x)) (0@ 1)
i=1

X
= A > (6x(1)0x(i) Fxv) @ (Fy (p, xi)ty)
i=1

= A(F0) @ 1y)

= (Fr0) @ 1y = (16(1)")((Fxv) ® ty)

= (F0) @1y = ((ix8x(1)) @ (v0v(1))
“((Fyo)®@1y)

= (Fxv) ® ty = (1x6x(1)" Fxv) @ ty

= (AxF,0)® 1y

=Av®ty. O

Lemma 5. Every eigenvalue of AF (p) is also an eigenvalue
of AF(p).

Proof. The proof has nine parts.

1. Assume that there exists A that is not an eigen-
value of AF(p) but is an eigenvalue of AF(p), with
corresponding eigenvector .

2. Lemma 4 implies that A is not an eigenvalue of
AxFy.

3. Point 2 implies that A#0, because AxFyix =
Axlx = le.

4. Lemma 1.4 and Point 3 imply thatv = AF(p)v/A =
A(AF (p)v/A) = Av.

5. A not being an eigenvalue of AF(p) implies that
Al = AF(p) is invertible.

6. Lemma 1.5 and Point 5 imply that

AF(p) (v + (AT = AF(p) (I - A)AF(p)v)
= AAF(p)v + (I — A)AF(p)v
+AF (p)(AL = AF(p))™'(I = A)AF (p)v
= AF(p)o + (A= AF(p)) + AF(p))
(AT = AF(p))"(I - A)AF (p)o
= )\(v + (A= AF(p) (I - A)AF(p)v),

which implies that v + (AI = AF (p)) (I - A)AF(p)v =0,
because otherwise, A would be an eigenvalue of AF(p).
7. Lemmas 1.10 and 1.12 imply that

(AI-AF(p))(AIx = Ax F) ' ® E)
= Ay — AxFo) ' @8 — A(( F(Mlx — AxFo) ) @ :)
= AAlx — AxFy) '@ E — (Ax Fy(Alx = Ax F) ™) @ B
= ((AIx = Ax F)(Mlx = Ax F) ) ® 8
=Ix®E
=1-A.
8. Points 5 and 7 imply that (Al — AF(p))"'(I- A) =
(Alx — AxF) '@ E.
9. Lemma 1.11 and Points 4, 6, and 8 imply that

0 =A0
- A(v + (A= AF(p) (I - A)AP(p)v)
= Av + A((Mx — Ax F) "' @ E)AF (p)o
= Av
= Z],
which is a contradiction, because an eigenvector cannot be
zero. Thus, the assumption in Point 1 mustbe incorrect. O

Lemma 6. ¢ (F) = ¢(AF) for any i X i stochastic matrix F.

Proof. I will first show that ¢(A;F) > o (F). Let A be an
eigenvalue of F with eigenvector v. Lemma 1.7 implies
that A;FAjv = AiFv = AAjv. Thus, A is an eigenvector of
A;F when A;v is nonzero, A;v is nonzero when v is not
in the null space of A;, and v is not in the null space of A;
when it is not in the span of (. Because (; is the ei-
genvector associated with F’s largest eigenvalue
(Puterman 2005, p. 595), the second largest eigenvalue
of F is an eigenvalue of A;F.

I will now show that ¢ (F) > ¢(A;F). Let A be an ei-
genvalue of A;F with eigenvector v. I will show that
o (F) =2 |A| by analyzing three distinct cases.

1. If |Al =1, then Lemma 1.7 implies that
limy oo [AF O = limyse [[(AF) 0l = limyellA'0]| =
llo|l # 0. Additionally, if o(F) < 1, then Puterman (2005,
p- 593, equation A6) and Lemma 1.1 imply that
lim; A;FY = 0, which is a contradiction. Accordingly,
o(F) = |A| when [A] = 1.

2. Ifvespan(y), then Lemmas 1.1 and 1.3 imply that
Av = AjFv = Aj(AjFv) = AAjv = 0; this implies that
A =0, which implies that o (F) > |A].

3. If |[A]|#1 and vespan(y;), then Lemmas 1.1 and
Lemma 1.7 imply that A is also an eigenvalue of F:

F(v - ay) = AiF(v — ay) + (I — A)F(v — aw)
= AiFAi(v — ay) + (I = A)Fo — a(l; — A)Fy
= AFAw + (I; = Aj)Fo — a(l; — A))y
= AiFo + (I; — Aj)Fv — ay;
= Av + ;6;(1)’Fv — (1 — A)~1(6:(1) Fo)y;
= Av—A(1 = A)"1(8;(1) Fo)y
= Mo - aw),
where a = (1 - A)716;(1) Fo.
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This implies that o (F) >|A|, because o ( F) is as large
as any eigenvalue of F with a modulus that does not
equal one (Puterman 2005, p. 595). O

Lemma?7. ¢ (F) = ¢p(QF) forany Y X Y stochastic matrix F.

Proof. Lemmas 1.6 and 1.9 imply that, if A is an ei-
genvalue of AyF with eigenvector v, then A is an ei-
genvalue of QF with eigenvector Qu: QFQu = QFv =
QAyFov = AQu. This implies that ¢(QF) > ¢p(AyF). With
this, Lemma 6 implies the result. O

Proof of Proposition 4. The proof has three parts.

1. Lemmas 5 and 6 establish that ¢(AF (p)) < o (F(p)).

2. Lemmas 1.5 and 3 imply that v'0 = #7710, where
v = AvA. Accordingly, #0 converges to /* at the same
rate as 7'0 converges to #V*. Note that v is equivalent to
the relative value iteration operator under state
transition matrix F(p) = (a't)" (1@’ — AF(p)A) and
discount factor 8 = fa’t, where a is the vector with
the ith element that equals the minimum value in
the ith column of AF(p)A. Accordingly, the strong
convergence result of Morton and Wecker (1977) and
Bray (2019) implies that [[7V* — 70| is O*(B'a( F(p*))")
as t— oo. Lemmas 1.1, 1.3, 1.5, and 6 imply that

Bo (F(p")) = BH(AF (p"))
= B’ 1p(('t) ' A(e’ — AF(p)A))
= BH(AF (p')A)
= PO(AAF (p))
= PO(AF (p")).

theorem 1.3.22 of Horn and Johnson (2013) establishes
the equivalence of p(AF(p)A) and Pp(AAF(p)).

3. Lemma 2 implies that 7,p = An,p. With this,
Lemmas 1.4 and 1.8 imply thatijp — 7 ¢p = A(np — n,p) =
ASE, B (p)U(p) = BHIAF (p)* 52 BF (p) U (p) =
ﬁHlAF(P)HlT}P — ﬁHl(AF(P))Hlﬂp, which is O+(ﬁt¢
(AF(p)))ast — co. O

Proof of Proposition 5. Lemmas 4 and 6 imply that
0 (F(p)) =0 (Fyx). Therefore, I just have to show that
O(AF(p)) < maxyex||QF,(p, x)l|. Let [||-||| be a vector
norm that is compatible with matrix norm || - || (Horn
and Johnson 2013, p. 347). Also, let A be an eigenvalue
of AF(p) with corresponding eigenvector v. Note that
v = 3%, 6x(i) ® v;, where v; = (6x(i)’ ® Iy)v. This implies
that

Mlfoill = [ll@x () & )AF (pyel]

|

(0x() @ Iy)(Ix ® Q)

[
(:

(Ox(K)6x(k) F) & Fy(p,x0)

0x (]) ® U])

M I T

X
Z(éx(i)léx(k)éx(k)' F.6x(j))

k=1

—
1l
—_

® (QF,(p, xx)v))

X

D (0x(1) F2ox()) @ (QF, (p, xi)v;)

/=1

Ox (i) Fxdx (DI Fy (p, x:)o|

- T

ox (@) Fxox (DI|QF, (p, x| [0

-
Il
—_

Mx

Ox(1)'Exbx (/) 12y (p, x:)l| max [l
j 1

= [IQF, (p, i)l max [[oxll,

<max I2F, (p, )l max [zl

This implies that |A| < max.e [|QF,(p, 0|l . O

Proof of Corollary 2. These conditions are simply
Proposition 5 evaluated under different matrix norms.
The first corresponds to the Frobenius norm, the
second corresponds to the ¢, norm, the third corre-
sponds to the ., norm, the fourth corresponds to the
¢1 norm, and the fifth corresponds to the Hajnal matrix
seminorm induced by the span vector seminorm
(Puterman 2005, p. 198). The results hold under the
Hajnal seminorm, because the eigenvector associated
with the largest eigenvalue of AF(p) has strictly
positive span; this eigenvector has strictly positive
span, because it is not a multiple of ¢, and it is not
a multiple of ¢, because ¢ is an eigenvector of AF(p)
with zero eigenvalue. O

Proof of Corollary 3. If F, is not ergodic, then o(Fy) = 1
(Puterman 2005, p. 595). Also, if F,(p*,x) and F,(p,x)
are scrambling, then the expressions in (1e) and (2e) of
Corollary 2 are less than one. O

Proof of Corollary 4. For any € > 0, there exists a matrix
norm |- || such that ||QF, (p)|l. < ¢(QF,(p)) + € (Horn
and Johnson 2013, p. 347). With this, Proposition 5 and
Lemma 7 imply the result. O
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Endnotes

"My approach extends to the more general specification in which
f&, v N, x,y) = fo(¥|2)f, (y']a, x,x,y). In this case, the state transi-
tion matrix defined in Section 3 changes to F(p) = E?ilzfil(éx(i)'
0x (i) Fx(6x (j)ox (j)) ® Fy(p, xi, x;), where F, is the X x X matrix with
ijth element f.(x;|x;) and F,(p, x,x") is the Y X Y matrix with ijth el-
ement f, (y;|p(x, yi), x, X', yi).

2[ assume that 7tV is unique.

®Bray (2019) actually provided the first valid proof of the first result.
*Note that V. does not store all of the information about x; it stores
only the information about x that is independent of y.

5Note that ergodicity in Fy(p, x), for each x € x, does not imply er-
godicity in y. For example, if

P I A [
x = ’ ,X1) =
1 0] MPVT5 5

5 5
Fy(p,x2) = [1 0 ]

, and

then y is periodic, although F, (p,x1) and Fy(p, x2) are both ergodic.
However, y must be ergodic if F, (p, x) is scrambling for each x € x
(Seneta 2006, p. 80).

® Paarsch and Rust (2009, p- 1) explain that many dynamic programs
in economics contain such a seasonal component: “Many dynamic
programming problems encountered in practice involve a mix of state
variables, some exhibiting stochastic cycles (such as unemployment rates)
and others having deterministic cycles. Examples of the latter include the
day of the week as well as the month and the season of the year... . Most
real-world problems involve complicated interactions between variables
that evolve according to deterministic cycles and those that evolve
according to stochastic cycles. In many nonlinear models, no simple
method exists to isolate the deterministically evolving components from
the stochastically evolving ones, especially when agents are responding
endogenously to both kinds of components.”

7Following Tauchen (1986), 1 set each factor’s five values to the
sextiles of the underlying AR(1) process’s unconditional distribution.
8Chen (2017) reported similar results, explaining that endogenous
value iteration solved her acid rain dynamic programs 5.2 times faster

than relative value iteration and 83 times faster than standard value
iteration.
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